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SUMMARY

A shallowsphericaldomesubjectedto I.ateralpressureisa structure
forwhichthedeformationdepartsappreciablyfromthelineartheoryat
relativelysmallvaluesofthedeflectionamplitude.It isalsoonefor
which.thebucklingprocessischaracterizedby a rapiddecreaseinthe
equilibriumloadoncethebucklingloadhasbeensurpassed.Forstruc-
tureshavingthistypeofbucklingcharacteristicsthequestionarises
astowhethertheproperbucklipgcriterionto applyistheclassical
criterion,whichconsidersequilibriumwithrespectto infiniteshd
displacements,’orthefinite-displacement‘~energycriterion’tproposedby
Tsien.

Inthispapertheproblmn
ofa shallowsphericaldomeis
imentally.Inthetheoretical

ofthefinitedisplacementandbuckling
investigatedboththeoreticallyandexper-
approachthenonlinearequationsarecon-

vertedi&o a sequenceoflinearequationsby expandingallofthevari-
ablesinpowersofthecenterdeflectionandthenequatingthecoefficients

. ofequalpowers.Thebasicparameterfortheshallowdome A ispropor-
tionalto theratioofthecentralheightofthedome h to itsthick-
ness t. Forsmallvaluesofthisratiotheexpansionsconvergerapidly
andenoughtermsarecomputedto determinethebucklingloadaccording
totheckssicalcriterion.Forhighervaluesof h/t,convergence
deterioratesrapidlyanditwasnotpossibleto dete?nninethebuckling
loadtiththenumberoftermswhichwerecomputed.Howeverevenfor
thesehighervaluesof h/t thedeflectionshapesaredeterminedfor
deflectionamplitudesbelowtheanq?litudeatwhichbucklingoccurs.These
deflectionshapesarecharacterizedby theirrapidchangeas h/t
increasesandbythefactthat,overmostoftherangeof h/t studied,
themaximumdeflectiondoesnotoccuratthecenterofthedcxne.

Expertientalresultsseemto indicatethattheclassicalcriterion
ofbucklingisapplicableto veryshallowsphericaldinesforwhichthe
theoreticalcalculationwasmade. A transitionto energycriterionfor
higherdomesisalsoindicated.

.
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INTRODUCTION
●

Thedevelopmentofthetheoryofbendingofthin-walledspherical
shellshasa longrecord.A surveyoftheproblemcanbe foundinrefer- _
ences1 and2. Thefundamentalequationsaredevelopedby HansReissner~
(1912)whoshowsthat, fora thin-walledsphericaldomethatisnotshal-
low,themembranestressesintheshellmaintainequilibriumwiththe
etiernalpressure,whilethebendingoftheshellhasrelativelylittle
effectexceptneartheedgeoftheshellwheretheshelladjustsitself
quicklytotheprescribedboundaryconditions.Bendingintheshellis
thereforeessentiallyan “edgeeffect!’or“boundarylayer”phenomenon.
Asymptoticsolutionsofthebendingproblemhavebeenobtainedby
Blumenthal(1912),Havers

[4
1935, Jacobsen”(1937),andotherslonthe

basisthattheparameterR/t) isverylarge,whereR istheradius
ofthesphericalshelland t, itswallthickness.Bothsymmetrical
andnonsymmetricalloadingandedgeconditionshavebeentreated,
includingthecaseofa domesupportedoncolumns.

Theasymptoticsolutionsare,however,notvalidforshallowspheri-
calshells,2forwhichtheeffectofedgeconditionsisno longerlimited
to a thinlayerneartheedgeandtheinteractionofbendingandmembrane
stressesisstrong.In1946EricReissner(ref.3)developedthegov-”
erningequationsforshallowsphericalshellsontheexplicitassumption
thattheratio h/a issosmallthat (h/a)2isnegligibleincompari-
sonwith“h/a, h beingtheheightofthedomeand a itsradius(see
fig.1). A fewspecialcasesaresolvedinreference3. G-

Reissner’ssolutionsarebasedonlinearized.equations.Sincethe
effectofbendingonthemenibranestressesisstronginthecaseofa e
Sha~OW dome,onenaturallyasksthequestion:To whatextentisthe
processoflinearizationvalid?E@messedintermsoftheratioofthe
verticaldeflectionatthecenterofthedcmetothewallthickness P‘o *
thequestionis: Howsoondoes’thesolutiondeviatefromlinearityas
we/t increases?

To answerthisquestionthenonlinearproblemistreatedinthe
presentpaper.Theparticularproblemofa shallowsphericalshellwith
a clempededgecarryinga uniformpressureischosensothata convenient
experimentalcomparisoncanbemade. It isshownthatthenonlinear
characterdependsupona parsmeterX whichisdefinedas

(1)

.
lSeeTimoshenko’sbook,reference1,forreferencesto originalpapers.
‘Byshallowismeanta sphericalsegmentforwhichtheratioofthe ..7

heighttothebaseradiusissmall,say,lessthar_l/8.
M
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wherep isthePoissonfs
defined(seefig.1). The
isvalidissmallindeed.

ratioand t, a,
rangeof we/t in
Forexample,at A

3

and R areaspreviously
whichthelinearsolution
= 4, theequilibriumpres-

suregivenbythelinearsolutionis,respectimfi,9, 23; and50B“rcent
toohighwhen we/t is O.1, 0.25, aidO.~. ‘“ “- -

Considernowtheproblemofbucklingofthin-walledsphericalshells.
Fora completesphereunderuniformpressure,theclassicalsolution,on
thebasisoflinearizede uations,

?1932). (
isobtainedby Zoelly(1915),Schwerin

(1922),andVanderNeut Seeref.2,p. 491.) Thebuckling
stress~cr iS given by

where ~r isthe
thessmemagnitude

acr=k%
criticalvalueof-ernal
asthecriticalstressfor

(a R
cr

)
‘~% (2)

pressure.Thisstresshas
anaxiallycompressed

cylindricalshellofradiusR andofthicknesst. It is;elatively
highincomparisonwithexperimentalresults.Thecorrespondingbuckling
modepredictedbythetheoryisalsoatvariancewithlaboratoryexperi-
ence.To reconcilethedifferencesbetweentheoryandexperimentVon
K&m&n andTsienin1939(ref.4) introduceda newconceptintothe
theoryofelasticity:the“lowerbucklingload.”Theydiscoveredthat
forvaluesof pressureq considerablybelowthatgivenbyequation(2)
quitedifferent‘stablestatesof equilibriumexist,whichcouldbe
revealedonlyby abandoningtheckssicallinearizationoftheproblem.
‘Theminimumofsuchvaluesof q isthelowerbucklingload qK. If
q exceedsqK,thechancesaregreatthatbucldd.ngwilloccur.In
reference4 Khelowerbucklingloadiscomputed(subjectto a numberof
simplifyingassumptions)withrespectto a specialclassofbuckling
modes.Friedrichsinreference5 avoidssomeofthearbitraryassump-
tionsby applyingasymptoticintegrationinthemannerofa boundary-
layertheory.ApplicationofFriedrichstequations,however,yieldsno
minimumbucklingload,anditispointedout(ref.6) thattheminimum
obtainedinreference4 isdueto thespecialformofdisplacements
assumedinthatinvestigation.

Thefinal“energycriterion”ofbucklingisformulatedbyTsienin
reference6. Itisstatedthatunderaveragelaboratoryandactualserv-
iceconditionsthemostprobableequilibriumstateisthestatewiththe
lowestpossibleenergylevel.In otherwordsitisassmedthatthere
aredisturbancesof sufficientmagnitudesothatthetransitionsfrom
higherenergylevelsto lowerenergylevelsarealwayspossible.Two
conditionsmustbe satisfiedindefiningthe“possibleenergylevels”:
(1)thecorrespondingexternalforcesandinternalstressesmustbe in



4 NACATN 3212

equilibriun;(2)thegeometricrestraintandloadingconditions,ifany,
mustbe satisfied.Tsienpointsoutthatthesenecessaryconditionsfor
possibleenergylevelsarenotcheckedinreferences4 and5. Whenthe
checkisapplied(ref.6),a lowerbucklingloadisobtainedforspheri-
calshellsonthebasisofFriedrichs’equations.Theagreementwith
experimentsisgood.

Itappearsthattheseargumentsapplyequallywellto epherical
domesandtothecompletesphere.Therefore,thefirsttheoreticalques-
tiontobe settlediswhetherthe“classicalcriterion”ofbucklingor
the“energycriterion”shouldbe usedincalculatingthecriticalbuckling
load.Theclassicalbucklingcriterionisbasedontheassumptionthata
givenstateofequilibriumofa shellbecomesunstablewhenthereare
equilibriumpositionsinfinitesimallyneartothatstateofequilibrium
underthesameexternalload.Thusinapplyingtheclassicalcriterion
anequilibriums+tateiscomparedwithitsneighboringequilibri~states
andtheincipientbucklingisrevealedby a negativeslopeoftheload-
deflectioncurve,thatis,whenan increaseofdefletiioncorrespondsto
a decreaseinthecorrespondingappliedload.The@ortant contrast
betweentheclassicalcriterionandtheenergycriterionisthatinthe
formeronlya continuousload-deflectionprocessisconsidered,whilein
thelattera jumptothestateoflowerenergylevelispermittedeven
thoughtheinterveningstatesinvolvehigherenergylevels.Thelinear-
izationofthegoverningequations,ordinarilymadepurelyformathemati-
calsimplicity,shouldnotbe regardedasa partoftheclassical
criterion.

Althoughtheenergycriterionseemsplausible,neverthelessitcan
be verifiedonlyby comparisonwithe~erhnents.Theenergycriterion
necessarilyyieldsa bucklingloadwhichisnevergreaterthanthatgiven
bytheclassicalcriterion.H thereisa widedifferencebetweenthe
twobucklinglc@s theproblembecomessimplyto choosethecriterion
thatgivescloseragreemetiwiththeexperiments.

Forshallowsphericaldomesthebucklingloadcalculatedonthe
basisoftheclassicalcriterion,butwithoutlinearizingthegoverning

‘In thecomparisonwithequations,isknownonlyinveryfewcases.
experimentspresentedinfigure20 ofrefererze6, thecurvelabeled
‘~classical.theor#’isreallytheonegivenby equation(2),whichis
applicableto a completesphereandiscalculatedfromlinearizedequa-
tions. Whenthenonlinearequationsapplicableto ashallowspherical
domeareusedthebucklingloadislowerthanthatgivenby equation(2).
Forexaumle,when A = 4 thecalculationofthepresentreportgivesa

.

—.—

—

.

.

bucklin&-lo&dwhich
thewidedifference
inthefigurecited
calprocess.

isaboutone-halfthatgivenbyeq~tion(2).Thus
betweentheclassicaltheoryandexperimentsexhibited
abovemaybe entirelycausedby an @roper mathemati-

W

?

—

—
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To clarifytheargumentfurther,considerthecaseofa flatarch,
asa two-dimensionalanalogofthesphericaldome.Forsuchanarchtwo
bucklingmodesarepossible.Ifthearchriseishigh,itbucklesinthe
modeshowninfigure2: thecenterlineofthearchremainsessentially
“inextensional.”Ifthearchriseissmall,itmaybuckledownwardwith
a suddenreversalofcurvature,as showninfigure3: a phenomenonscane-
timesdescribedas “oil-canning”or“durchschlag.”Theaxialc~pressive
strainplaysa dominantroleinthelattercaseandlinearizationofthe
governingequationsisnotpermissible.A detailedstudymadeinrefer-
ence7 showsthatinpracticetheclassicalcriterionagreesbetterwith
experiments,exceptforverylowarches(archeswhoseriseisof.theorder
ofthewallthickness)forwhichtheenergyhumptendsto vanishandthe
gapbetweenthetwocriteriatendstobe closed.

Forshallowsphericaldomestheprevailingbucklingmodeis ofthe
oil-canningtype,inwhichthemembranestressplaysan importantpart,
andisbasicallya nonlinearphenomenon.

Thereexistsotiyonepaperontheoil-canningof shallowspherical
domesbasedontheclassicalcriterion.ThisisBiezeno’swork(ref.8)
whichtreatsa shallowdomewhoseedgeisfreeto expandsothatthemem-
branestressintheradialdirectionvanishesontheedge;andthedome
issubjectedto a concentratedloadactingatthecenter.Thefollowing
eqyations(whichareequivalentto thoseofthepresentpaper)are
obtained:

.

d%. dvor2—+r—-
()

vo+r2~+$ +(2-v)~*+
&2 dr

(3)

(4)

(5)

where P isthecentralload, V = ~ istheslopeofthedeflection
surfaceina meridionalsectionjw beingtheradialdisplacementnormal
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to theoriginalsphericalsheIL,and V. isthecomponentof displace-
mentnormalto theaxisof symmetry,thatis (seefig.1],

‘o =ucose-w sine (6)

Othersymbolsaredefinedinthelistwhichfollowsthissection.
BiezenomakesthefolJ.owingsimplifyingassumptionsto obtaina solution:
(1)thatthetermontheri t-handsideofequation(3) maybe neglected;,

?(2)thatineqwtions(3), 5),andontheright-handsideofequation(4)
theslopeoftheradialdisplacaents~ canbe writtenas

(7)

where c1 and C2 aretwoundeterminedconstants.Equation(4)isthen
solvedwithproperboundaryconditions.I& thesolutionbe denotedby
V2,which,ofcourse,isdifferentinformfromequation(7). Biezeno
thendeterminestheconstatisCl and C2 by requiringthat V1 and *2
yieldthesamevaluesofverticaldisplacementattheedgeoftheplate
(r= a)andatthecenter(r= O). Theload-deflectioncurvecanthenhe
calculatedfromequation(7) andthebucklingloaddetermined.

TheinfluenceofBiezeno’ssimplifyingassumptionsonthebuckling
loadisnoteasyto assess;andthereexistno experiinentalresultsto -
comparewiththetheory.-

Thecaseconsideredinthepresentpaperisthatofa shellclamped
attheedgeandsubjected$o uniformlateralpressure.Theeqyationsof
equilibrium(equivalentto eqfi.(3),(4),and(~))aresolvedaspertur-
bationseriesexpressedinpowersoftheparameter%/t9 thatis,the
ratioofthedeflectionontheaxisof symmetryandthewallthickness
oftheshell.Theload-deflectioncurvesodeterminedisusedto obtain
thebucklingload.

Relativelyfewassumptionsaremadeinthepresentcalculation.
Unfortunatelytheperturbtiionseriesseemsto deterioraterapidlyfor
largevaluesof A, sotheresultissatisfactoryonlyfor h of order5
orsmaller.Inthisrangeof X thebucklingloadscomputedonthe
basisoftheclassicalcriterionagreequitewellwithexperiments.

Ontheotherhandthecalculationofthebucklingloadonthebasis
ofTsients.energycriterionalsooffersconsiderabledifficulty.Ifthe
formulasofreference6 areextendedto coverthe%hallowshellsstudied
tithepresentpaperit isfoundthattheso-called“lowerbucklingload”

.
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hasan equalorhighervaluethanthatgiveninequation(2)when A ~ 10.
Thisunreasonableresultisobtainedbecausetheener~ expressionsand
themodeshapeassumedarenotsufficientlyaccurate.It isnotclear
howto improvetheresults.Theoreticaldeflectioncurvesderivedfrom -
thebendingtheorydo notpermita verysimplerepresentation.IiIany
case,therefinementofTsientscalculationwouldhavebeena major
endeavor.Forthesamereasonthecalculationofthebucklingloadon
thebasisof classicalcriterionusinRtheRayleigh-Ritzmethodisnot
pursued.Thereforethemostconvenie~theor&tic=l
criticalbucklingloadremainsan openquestion.

Inorderto do ~usticetoeithertheclassical
ener~ criterion,furthertheoreticalstudymustbe
range,say,from5 to 15. A studyofallavailable

determinationofthe

criterionorthe
madefor X inthe
experimentaldataon

thesubjectseemsto showthattheclassicalcriterionofbucklingholds
forveryshallowsphericaldrones,whilea transitionto energycriterion
takesplaceat someintermediatevaluesof A of order6.

Onemorepointshouldbementionedbeforethepresentationofthe
mainanalysis.Ihreference5, Frietiichssuggeststhatitmaybe possi-
blethata boundarylayeroccursattheedgeofa certainsefgnerrt,the
widthofwhichin itsturnshrinksto zerowiththethicknessofthe
shell.Th& -suggestionseemsplausiblebecauseastheshellbeccanes
thinnerandthinnerthebendingoftheshellbeccmeslessandless@or-
tant. IntheMnit t~O thedeflectedsurfacemustbe an “applicable”
surfaceoftheoriginal.3Intheupperpartoffigure4 theshellrepre-
sentedby thedottedlineisapplicableto thatrepresentedby thesolid
line;inotherwords,a deformationofthesolidlineintothedotted
lineinvolvesno strainenergyduetothemembranestresses.To account
forthesmallbutfinitebendingenergyoftheshellthedeflectionsur-
facemaytaketheformrepresentedby thelowerpartoffigure4. A
boundarylayermaybe developedatthesegmentangle m. Thisconjecture,
however,turnsoutto be improbablefora shellsubjectedto uniform
externalpressure;sinceitcanbe shownthatthese~entangle a tends
to zeroat a higherorderin t (theshellthiclmess)than”doesthe
boundary-layerthickness.Thereforetheboumdarylayercanbe developed
onlyata pole a = O whidhisthecasepresentedinreference5.

Theinvestigationpresentedinthepresentpaper~s conductedat
theCaliforniaInstittieofTechnologyunderthesponsorshipandwith
thefinancialassistanceoftheNationalAdvisoryChmnitteeforAeronautics.

%?WOsurfaces-arecalled“applicable”to eachotherindifferential
gecmetryifonecandeformintotheotherby continuousbendingwithout
stretchingortearingthesurface.
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SYMBOLS

integrationconstants

baseradiusofshell“

coefficientsinpower-seriesexpansionof F2 interms
of lx; seeequation(A5)

coefficientsinpower-seriesexpansionof F2 interms
of Ax; seeequation(A7)

YOW’S modulus

functionsof fn and Wn; seeequation(28)

coefficientofexpansicmfor

centralheightofshellabove

constant;seeequation(41)

% radialbendingmomentperunit

% circumferentialbendingmoment

Nr radialmembraneforceperunit

‘t circumferentialmembraneforce

4-V2a ~
()

P=L-
Et

Sr inpowers

baseplane

length

of W.

perunitlength

length

perunitlength

‘#

Pn coefficientofexpansionfor P inpowersof W.

Q shearforceperunitlengthperpendiculartomiddlesur-
faceofshell

q pressureon surfaceof shell;positivewhendirected
downward
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R initialradiusof curvatureof shell

r horizontaldistancefromaxisof symmetryof shell

~2 ~sr=—
~3 r

%=Q=t~3

t

u

w= w/t

W.= we/t

w

‘n

‘o ‘ w(r= 0)

x= r/a

‘o

a

thicknessof shell

9

radialdisplacementofmiddlesurfaceofshellmeasured
tangentialto initialsurfaceandpositiveinoutward
direction

verticaldisplacementofmiddlesurfaceof shellmess-
uredperpendicularto initialsurfaceandpositivein
downwarddirection

coefficientofexpansionfor W inpowersof W.

.

initialdistanceofpointonmiddlesurfaceof shell
abovebaseplane

segmentangleofa possibledeflectedsurface

functionsof en and ~n; seeequations(35)

semi-includedangleof shell

finite-differenceinterval

radialstrain

circumferentialstrain
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T = x2/4

e = sin-l(r/R)

en particular

A2 .~=4~pj+

NACATN 3212

integralofequations(26)for fn

P Poissonlsratio

P = beiA ber’1+ (1- ber.~)ber’1

T circumferentialpositionangle

% integralsof wn; seeequations(29)

Subscript:

cr critical

TH.E3REI!IC!ALANAIYSIS

DerivationofEquations

ConsiderthesphericalshellsegentofradiusR, basediameter%,
.

heighth, andconstantthicknesst showninfigure1. Thelniti~
positionofa pointinthecentrslsurfaceisgivenbythecylindrical .
coordinatesr, ~, and Zo, where r istheradialdistancefromthe
center,measuredparallel~o thebase, 9 isthecircumferentialangle,
and 20 istheverticaldistance,measuredupward,fromthebaseplane.
It isassumedthat h/a issmallenoughthat

‘o= h+-- R=h-*#

1

(8)
dzo—e --
ti :

Thedeformationofthemiddlesurfaceisassumedtobe radiallv
symmetricandisthereforespecified
middlesurface
dicularto the

intheoutwardradial
middlesurfaceinthe

by U, measuredtangentialto-the
direction,and w, measuredperpen~
downwarddirection.Thedeflections ‘“

.

*
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()dw 2areconsideredtobe finite,butsmallenoughsothat canbe
G

neglectedwithrespectto unity.

Since,undertheseconditions,themagnitudesofvectorstangential
tothemiddleplaneare’eqti totheircomponentsparalleltothebase
plane,theequationsforforcesandmomentsinthemiddleplaneare
identicslwiththosefora flatplate.Thatis,

d
5 ()rNr

-Nt=o

(9)

(lo)

where ITrand Nt sre,respectively,theradialandcircumferential
membranestresses,Mr and ~ arethecorrespondingbendingmoments~
and Q istheshearstressinthedirectionperpendicularto thedefornk?d
middlesurface.Verticalequilibriumof a centralcylindricalsectionof
radiusr (fig.5) requiresthat

where q is
tion(9)and

Jr

( )

dzo dw
Q;=-— rq&+Nr~-~

0
(11)

theappliedpressure.substittiingequation(n) intoequa-
usingtheapproximateionequations(8)resultin

(12)

Thebendingmomentsareexpressedintermsofthedeflectionsusing
thestrain-cleflectionrelations

.

n

}
(13)
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where % and ~ arethelongitudinalstrainsofthemiddlesurface
intheradialandcircumferentialdirections,respectively.Then

where D =

using

Thisisthefirstbasicequation.

sothat

Now@nnequations (13)

-W)+%

du
(

ldN—=
dr

——rt
Etdr

-~rllr+l%~
)

(14)

(15)

(16)

Thesevaluesaresubstitutedinthefirstofequations(14)to obtain
a secondrelationbetween1$ and Nr:

.

—
.
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Combiningthisequationwithequation
isobtained:

rH@’4‘*R(*Y
(10),thesecondbasicequation

+Et**=o (M)

fiOWi~ W and Nr, Nt canbe obtainedfromequation(10).In
theproblemto be studiedq isa constantsothatequation(15)becomes

D&~&[~]=Nr&+~~+~qr (19)

Theseequationsaretransfonnedintonondimensionalformby theuse
ofthefollowingvariables:

x=:

‘=:

k2 . 12(1- pz)

a2sr=—~3 ‘r

a2
% =— %~3

4
P

()
.q~

~2
A2=~

n

(2Q)
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TheparameterA2 canalsohe expressedas (seefig.1)

A2=k

~p2
T

1 (21)

+cos~)=2k$

Thusfortheassumedrangeof ~, X2 ‘isyropotiionalto theratio
ofthecentralheightofthedometo itsthicknessandcanthereforebe
interpretedasrep~esentfngtheratioofthecompressionstiffnessto
thebendingstiffness.

Uponsubstitutingthesenewvariables,equations(18), (19), and(10)
becme

(22)

(23)

(24)

With A =0 (R= CO)theseareK&man‘ 1sequationsforthefinite
deflectionofa flatplate,expressedinpolarcoordinates.Theirderi-
vationisexactlyanalogousto Chienrsderivationoftheequationsfor
thefinitedeflectionofa flatcircularplate(ref.9).

ExpansioninTermsof Wo(=wo/t)

As inChlenfspaper(ref.9) theprocedureusedforsolvingequa-
tions(22),(23),and(24)isto considerthecenterdeflection
ratioW(0)= W. as a parsmeterandto expandallofthevariablesin
powersof Wo. Thus

—-- .

—



2 3P = Plwo+ P#o +p3wo +.. .

w= @W. + W2(X)W02+ W3(X)W03+.. .

Sr = fl(x)wo+ f2(x)wo2+ fJx)wo3+ . . .\

. (25)

Theseexpansionsarevalidforsmallenoughvaluesofthedeflection
ratioWo, buttheirexactrangeof convergenceisunlmown.Forthe
caseoftheflatcircularplateChienobtainedgoodconvergenceforvalues
of W. ashighas4.

Substitutionoftheseseriesinequations(22]and(23)andthe
equatingofequalpowersof W. resultina sequenceofpairsof simul-
taneousequationsfor fn and Wn. Eachofthesepairsof equations
canthenbe combinedto

r

~[

1 d ~&x3——
x3ax Xax

or.

d4fn 6 d3fn
~+xti3 +

.—

plusanequationfor

obtainanequationfor fn =lone

-( )g
dldfn 4“-— +hfn=
tixdx

- ~A2P= - Fn

3 d%n 3 ‘n+ ~4f—— -——
X2 132# X3* n= - ~Pn’2 -Fn

‘n intermsof fn

w.

where ~ isa constantand Fn and ~ arethefollowing

(26a)

(26b)

(27)

functions:



F1=O

.kA2&r ‘W1+.
‘2 ~ lx [()]ldldldw12——— —-—

xdxxdx2dx

(
21 fm+flF3 =ti z2& %)+%~k(%s] I

( dw2

)
dwl +kh2~fl~+f2~+f3~F4= ~

[[
ldlddwl-——
~zxdxdx

,2 .~xp~g

J[()
1

x1dw22+dw1dw3~
P4= -— ———()2dx dxdxx

Uponmakingthe

Jx dwldw2~
cp3=

O=dxx
——

(28)

(29)

.

.

Substitution 4TJ= X2 equation(26a)becomes

(30)

whichcanbe recognizedastheequationfor
linearlytaperedbe~ onan elasticsupport
linearfunctionofpositionalongthespan.
fulinthenumericalworkwhichfollows.

thelateraldeflectionofa
whosespringconstantisa
Thisinterpretationisuse-

.

.
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‘Thesolutionofthehomogeneouspartof equation(%a) or (26b),,that
is,thecomplementaryfunction,is

fn+ (% )ber’hx+ Bn bei~k + ~ ker~hx+ Dn kei!iix

where

her’z =~berz

andthe ber and bel functionsarede~inedintermsof Jo,thezero-
orderBesselfunctionofthefirstkind,by

( /)Jo zi32 =berz+ibeiz

withananalogousrelationbetween ( /)kerz,”keiz, and ~ zi32

BoundaryConditions

Theboundaryconditionsfora clamped-edgeshellsubjectedto a
radiallysymmetricdistributedbad are

atx=o,

dw o—= Sr
dx” ‘

isfinite

1

(31)
at x = 1,

w _dw_u=”o
dx

To eatisfythefirsttwoconditionsit isnecessarythat

Cn = ~.o

Intermsoftheexpansioncoefficients,equations(25),theremaining
boundaryconditionsbecome

.

.
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‘n =0

dwn—z o
&

1
(l-w)fn+x~=o

Becauseofthenatureoftheexpansion
ditionthat

{

1, n=
Wn(o)=

0, n>

Theconstant~ ine~uation(27)can

(3%)x= 1

thereIstheadditionalcon-

1

2

be
equations(32a)anE-(52b)sothattheboundary

[

1, n=
Wn(o)- Wn(l)=

0, n?

(32%)

eliminatedby combining
conditionon Wn becomes

1

2
(32C)

.

Let en betheparticularsolutioncorrespondingto Fn, onthe *
right-handsideof equation(26a);thenthecompletesolutionfor fn
becomes

(33)

while

Substitutionofthesevaluesintoboundaryconditions(32)andtheir
solutionfor ~, Bn, and pn resultin

[
iln=~~ “1ber’A+~n(l- berk) (34a) -

.
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where

Bn=~
(

bei’1-p% )
~nbeiA

Pn=-
k~2

({
(1+ ~)[(ber’X)2+ (bei’h)~+

6(1- ~)p

[

(1+

A bei

[
p) (1 - ber

J
1

P = beiAber’x+ (1- berA)ber’A

(34C)

, (35a)

(3m)

First-OrderSolution

Theparticularsolution81 ofthefirst-order
andtheequationsfor Al, B~, and pl reduceto
,,

equation1s zero

(35C)

(35d)
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+
[

p) (her’A)

bei’Aber

1!2+(bei’1)2+

}
h)

(36)

Thevaluesof Al, Bl> and pl aregivenintable1,whilethe
valuesof W1 and fl aregivenintables2’and3 andareplottedin
figures6 and7,respectively.Thisfirst-ordersolutionisidentical
withthelinearsolutionpreviouslyfoundby Reissner(ref.3).

Forthehigherorderequationsno solutionwasfoundintermsof
knownfunctionsandsoitwasnecessaryto resorttopower-seriesexpan-
sionandnumeri- ~thods.

.
Power-E&iesSolutions

Judgingfromtheworkof Chien(ref.9) itwasfeltthatcalculation .
ofthefirsttwoterms}pl and p2, oftheexpansionforthepres-
sure P wouldpermitat leastanapproximatedeterminationofthe
bucklingload.Thereforea power-seriessolutionfor 02 wasobtained
eventhou@ itwasrealizedthatthesucceedingsolutionscouldnotbe
obtainedbythismethodbecauseoftheinvolvedformofthefunctionsFn.
TheprocedureandformulasusedareshowninappendixA. Sincethe
expansionsareallintermsof b itwas~ecessarytorestrictthe
calculationsto valuesof X ~ 8. Thevalues”ofP2 obtainedaresho~
intable4 andplottedinfigure8. ThesevaluesaL”enegativefOrsmall
valuesof h, butbecomepositiveat X = 6.5 and.arerapidlyincreasing
at A = 8. SincebucklingcanoccuronlywhenS- ofthe pn’s areneg@-
tiveitwasclearlynecessarytoobtainthehigherordertermsof pn.
Theseadditionalvaluesof pn wereotiainedn~ricallY~

NumericalSolutions .

Thedifferentialequations(26)containtheunknownparameterpn
andalsohavetheunwieldyboundaryconditionthat Sr isfiniteat “
x= o. As a resulta completenumericalsolutionwouldbeverydifficult.
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Thereforeonlytheparticularsolutionisdeterminednumerically,using
arbitraryboundaryconditions.Therequiredboundaryconditionsare
thensatisfiedusing

Intermsofthe

[
f’(x)=*f(x + 5)

theknownsolutionofthehmnogeneouseqyation.

finite-differenceapproximations

1- f(x- 5) 1
f“(x)

[ 1
=Af(x+5)-2f(x)+f(x -5)
52

f“’(x) [(=Afx+25)- 1
Zf(x+ 5) + 2f(x - 5) - f(x- 25)

23

.I(37)

[ IJfiv(x)= 1 f(x+ 25)- kf(x+b) +6f(x)- 4f(x- 5)+f(x - 25)~

where
(

b isthedifferenceinterval;equation(26a)withtheconstant
3 Pn~2term -–—
8k )

omittedbecomes

(66 )(

4
+ibn(x)- —+~-— 5:X2+ ~ )

3 en(x+q -1-—-—
84 52X2 84 53X

( – “–en(x-5)‘(*+*)’JX+2“+3
-*+*+5:X2+ 25X3)

(38)

Thedesirableboundaryconditionsfor ‘n aretheoneswhichgive
a smoothsolution.Forthetapered-beamanalogyofequation(30)the
obviousboundaryconditionsmeetingtheserequirementsarethoserepre-
sentingunsupportedends.Whentheseboundarycorditiofisaretransformed
intermsofthevariablex theybecome
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k
22

atx=O,

atx=l,

den d36n
—=— =
dx o&3 1

(39)

A firstattemptto solvethefinite-differenceequations(39)by
relaxationwasunsuccessfulbecauseof slowanderraticconvergence.
Instead,Crout’smethodof solvingsimultaneousequations(ref.10)was
usedto determinethevaluesof 13nat 11points(8= 0.10)at once.
Thiscouldbe donerapidly,butunfortunately11pointswerenotenough.
to determineaccuratelytheendvaluesandderivativeswhichwere
reqtired.Insteadofdecreasingthespacingto 0.05throughout,itwas
decidedtoaddtwoendsectionsfromOto 0.3andfromO.7to l.Owith
0.05spacing.Thesolutionsintheseendsectionswerejoinedwiththe
originalsolutionatthe0.30and0.70stationswherethefunctionand
itsfirstderivativewerematched.Sincethehigherderivativeswere
smallatthejunctionpoints(especiallyfor A = 4 and7)thismethod
wasadequate,butdidcausesometroublewhenhigherderivativeswere
requiredfor.thesucceedingcalculations. *.

Calculationsof e2 weremadefor A = h, 7,10,and13, while .
for A = k and7 thecalculationswerecontinuedto determine’93 .

and E34.As h increasesconvergenceoftheseriesfor P deteriorates
rapidlyandthefunctionElnhasincreasinglylargeoscillations.It
wasdecidedthereforenotto continuethecalculationsfor A = 10and13.
Thevaluesof pn obtainedareshownintable4,whilethevaluesof wn
and fn areshownintables2 and3 andplottedinfi~es 9 and10.

For A = 4 theconvergenceoftheseriesfor pn wasverysatis-
factory,thecontributionofthefourth-ordertermstill.beingsmallat
thecriticalbucklingload. InfigureIL isshowna plotof load P
versusthecenterdeflectionratioW. andinfigure12areshownthe
deflectionmodesforseveralvaluesofthecenterdeflectionratioWo.
Thesedeflectionmodeshavetheirmaximumatthecenter,andas W. grows
theybecomeincreasinglypeakedtowardthecenter.

For .A= 7, however,theconvergenceispoorandthecoefficientspn

—

.

allbeingpositive,nobucklingcanbe determinedusingjustfouxterms.
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Theconvergenceisgood
forsmallvaluesof W.

enoughto determinethedeflectionshapesW
andtheseareplottedinfigure12. These

23

deflectionshapesgivean explanationofwhy P2 ispositive(which
impliesincreasingstiffnesswithrespecttothecetierdeflectionas
theloadincreases)sincetheyshowthatthemaximumdeflectionisno
longeratthecenterandthatwithincreasingloadthecenterdeflection
becomesa progressivelysmallportionofthemaximumdeflection.This
characteristiciscorroboratedbytheexperimentalmeasurements.

Thedeflectionmodesfor A = 10, whicharealsoshowninfigure12,
exhibitthesamecharacteristic,butwiththepositionofthemaximum
deflectionmoveddutwardtowardtheedge.However,sincethesecurves
arecalculatedusingonlytwotermsoftheexpansionfor W,thesecurves
shouldnotbetakenas indicatingaccuratelywhathappensatthelarger
valuesof Wo.

Therapidchangewhichmustoccuratbucklingfrcma shapeinwhich
themaximumdeflectionoccursneartheedgeto oneinwhichthemaxtium.
deflectionoccursatthecen$erisprobablyalsoan explanationforthe
poorconvergence.Sincetheexperimentalresultsshowthatat X = 10
themaximumdeflectionisagainatthecenteritmaybe thatforthese
highervaluesof A theconvergenceisactually@roved. However,to
obtainaccuratevaluesof en forthesehighervaluesof h itwould
be necessaryto startwitha smallerfinite-differenceintervalthanwas
usedhere.

● Sincetheinfluenceofthe p3 and p4 termsatthebucklingload
for A = 4 wassmall,itwasfeltthatfor A <~ an adeqwteapproxi-

. mationtothebucklingloadcouldbe obtainedusingjust~Qefirsttwo

.

terms pl and p2. Thecriticalconditions
thatfor

P = plwo+ p2w02

thecriticalconditionsare

-PIWocr= —
?eP

-Pla
Pcr=—4P2

}

K.oso
‘CCW ‘en dWo

(40)
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Thisvalueof Pcr isplottedinfigure13whereit iscompared
withtheexperimentalresults.Theminimumvalueof A forwhich PC7
existsisthatforwhich
heightofthedome,that

thecriticaldeflection
is,for Wfi = h/t.

‘cr

EXPERIMIItTTALPROGRAM

Equipment

equalstheinitial‘-

An experimentalprogramwascarriedoutona seriesof shallowdomes

b

.

havinga basediameter.of8 inches,nominalradiiofcurvatureof 20
and30 inches,andnominalthicknessesvaryingfrom0.032to 0.102inch.
Theedgesofthespecimenswereheldbetweentworingswhichwerebolted
to a circula>plate(figs.lq,and15)thusprovidinga rigidbuilt-inedge
supportanda closedpressurechamber.A separateset”of clampingrings
wasusedforeachofthetworadiiof curvature.Thespecimenswere
subjectedto a uniformnormalloadusingbothoilandairpressure;the
oilprovidedanapproximationto a constantvolumecharacteristicduring
bucklingwhiletheairprovideda constantpressurecharacteristic.

Thespecimensweremadeby spinningfromflatsheet.Afterunsuccess-
fulattemptsto heat-treataluminumspinnings,magnesiumalloyQQ-M-~was
selectedbecauseofitsfavorableratioofyieldstresstoYoung’smodulus
ccmparedwithothernon-heat-treatedmetals.Magnesiumalsohasthe
advantagethatsinceit isspunwhilehotmostoftheresidualstresses

.

areeliminated.Thisisevidencedby thesmallseparationwhena radial
cutismadeina magnesiumspinning.Becauseofthedifficultyof .
spinningsuchshallowshellstheprel~naryspecimenswereverydis-
appointing,butby a combinationof spinningonconcaveandconvexmolds
thequalitywasgreatlyimproved.Unfortunatelyitisstillnotsogood
aswouldbe desired.

Rressuremeasurementsweremadeusinga Bourdontubeforpressure
over20psianda mercurymanometerforpressuresunder20psi. Excep-
tionsweretwooftheearlyspec@enshavinglowbucklingloadswhich
weretestedusingtheBourdongage.Thisgageofcoursegivesa closer
approximationto a constantvolumecharacteristicthandoesthemancxneter.

Deflectionmeasurementsweretakenwitha O.CKll-inch-scaledialgage
ridingona channelbeamfastenedat itsendsto a.circularringwhich
rotatedina groovecutintheupperclampingring.Read@s weremade
tothenearest0.0005inch.Traversesweremadeontwoormorediameters
to determinetheinitialshapeoftheshellandwererepeatedat intervals
duringtheloading.Intermediatemeasurementswerealsomadeofthecen-
terdeflection.Becauseofthevariationsofthespecimensfrcma true
sphericalformthequestionaroseasto whatshouldbetakenasthe

—
——

.
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radiusR fromwhichtheparameterX wascalculated.Itwasdecided
to assumethatthecentralrise h woulddeterminetheradiussinceA
canbe simplyexpressedintermsof h (eqs.(21))andbecauseexperi-
encewiththebucklingof shallowarchesshowedthatforarcheshaving
thessmecentralheightsmallsyuunetricalvariationsinshapehaveonly
a sma~ effectonthebucklingload. b figure16thevariationsfrcm
thepssumedradiiareshownfortypicalexamplesof eachofthesixcmn-
binationsofthetwonominalradii,20and30 inches,andeachnominal
initialsheetthickness0.032,0.054,and0.102.It is seenthatthe
variationsincreasedmarkedlywiththethinnessofthesheetandthe
flatnessofthedome.

OilTests

Theoilpressuretestsweremadefirst,andtwoormoretestsof
eachcombinationofthicknessandradiusweremade. Theearlypreltiinary
testsmadeonalmninumssmplesallshoweda verydistinctunsymmetrical
bucklingmode. Thisisbelieveddueto thehighresidualstresses
resultingfrm thespinningoperationsincethema~orityofthemagnesium
specimensbuckledsymmetrically.Inthecasesinwhichunsymmetrical
buckledidoccurinthemagnesiumspecimensthemodewasnotoftheover-
allunsymmetricalformsuchastheunsymmetricalmodeofvibrationofa
flatcircularplate.Ratheritappearedthatthebucklesthemselveswere
inherentlysymmetricalbutweredisplacedfrm a centralpositiononthe

* shell,probablybecauseof initialasymmetriesoftheshell.

Theunsymmetricalbucklingoccurredonlyintherangeof h between
. 6.oand8.6andwasassociatedwitha prebucklingdeflectionmodein

whichthedisplacementatabouthalftheradiusfromthecenterwas
greaterthanthatatthecenter.

IIIfigure16areshownthedeflectioncurvesofthespecimens.
Thereisa distinctchangeinthedeflectionmodesas A increases.
For A near4 thedeflectionispeakedatthecenteranddecreases
steadilytowardtheedge.As h increases,thepeakgraduallyflattens
out,untilat A = 5.45 themaximumdeflectionno longeroccursatthe
center.Instead,at large-deflectionstherearetwopeakssymmetrically
placedat abouta halfradiusfromthecenter.Witha furtherincrease
in A thepeaksmoveoutwarduntilfinallywhen A = 8.X a thirdpeak
appearsinthecenter.Thisgraduallybecomesthepredconinantpeak.
Thesetrendsagreeverywellwiththetheoreticaldeflection
X = 4, 7,and10 showninfigure12.

Infigures11and17areplottedthecurvesofpressure
terdeflectionofthespecimens.Forlowvaluesof h (X<

curvesfor

versusc“en-
5),the

* specimensbuckledina continuousmanner.As moreoilwaspmrpedinto
thechamberthepressureincreasedmoreslowly,reacheda maxhum,and
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thendecreased.Butfor A > 5, theproces-s”wasdiscontinuous.Usually
therewouldbe a slightmovementoftheshellwithouttheadditionof oil
followedby a suddenjumpto a lowerpressureanda greaterdisplacement.
Therewasno regulartrendintheratiooft-hepressureaf%erbuckling

()
Pcr tothebucklingpressurePcr as A increasedandalsosur-

2
prisi=glyno significantdifferenceinthisratiobetweenthetestsmade
using*heBourdontubeandthoseusingthemanometer.

AirPressureTests

Fortheairpressuretestsanaccumulatortankwasconnectedtothe
airlineclosetothetestingfixturesothatthebucklingprocesswas
practicallya constantpressureprocess.Bucklingoccurredverysuddenly
andwitha sharpreport.Thefinalbuckledshapesweresymmetricalwith
deflectionsverymuchlargerthanthoseoftheoiltests.Deflection
traversesweremadeduringloading,butitwasinadvisabletomakethem
at-loadsapproachingtheexpectedbucklingload.Twoexamplesofthese
deflectiontraversesareshowninfigures16(g)and16(h).

Thespecimensremainedintheirbuckledpositionafterthepressure
wasreleased.An approximatedeterminationofthepressurerequiredto
unbucklethemwasmadeby unboltingtheclampingrings,invertingthe
ringswiththespecimensstillplacedbetweenthem,andthenboltingthe
invertedassemblytothebaseplate.Thepressuresrequiredto unbuckle
thespecimenswereconsiderableandareincludedintable5.

DISCUSSION

Thephysicalparametersandbucklingloadsofallthespecimensare
shownintable5. Infigure18areplottedthebucklingloadsasa func-
tionof A. Theoilpressuretestsareshownwithblackdots,whilethe
airtestsareshownwithopencircles.Fortheoilteststhepointsat
thelowerendsofthedashedlinesindicatethevaluetowhichthepres-
surejumpedduringthebucklingprocess,wM1? @ wingontheleftofa
lowercircleindicatesanunsymmetricalbucklingmode. Whenplottedon
logarithmicpapertheresultstendedto followtwointersectinglines.
Infigure18thecorrespondingpower-lawcurvesareshown.

Infigure13theexperimentalbucklingloadsarecomparedwiththe
theoreticalloadscalculatedusingtwotermsoftheseriesfor A < 5,
andtheonepointcalculatedusingfourtermsfor A = 4. Infigure11
thecorrespondingcurvesofloadversuscenterdeflectionarealsocom-
pared.Althoiq@theexperimentalresultsarelowcomparedwiththe
theory,thedifference(approximately15percentat X = 4) isnotgreat

.-

.

.

.
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consideringthevariationsoftheinitialshapesfroma truespherical
surface.Partofthedifferencecanbe attributedto yieldingwhich
occurredatthehigherloads,especiallyforthespecimenshavingvalues
of A near5. Itisfeltthattheresultsarecloseenoughto corrobo-
ratethetheoryproposedandestablishtheapplicabilityoftheclassical
criterionforbucklingforthelowerrangeof A (A<5).

Fromfigure18 it isclearthatthetypeofloading,airor oil,has
littleifanyeffectonthebucklingload.Thisisexpectedtobe the
caseiftheclassicalbucklingcriterionholds,butwouldbe rather
une~ectedifTsienls~iener~criterion!’applied.ForinTsien’stheory
whenthebuckledandunbuckledenergylevelsarecomparedthelossin
potentialenergyoftheloadduringbucklingmustbe included.Since
thelossinpotentialenergyisa maximunwhenthepressureremainscon-
stant,thebucklingina constant-pressuresystemshouldoccukat a lower
loadthanforanysystem in whichthepressuredecreasesduringbuckling.
Ratherlargedifferencesinthebuc~ingloadsbetweena “rigidtesting
machine”(approximatedby oilloading)anda “dead-weightloading”
(approximatedby airpressureloading)arepredictedbyTsieninrefer-
ence6, accordingtotheener~ criterion,forcompletespheresandalso
forsphericaldomesoffairlylargevaluesof h. As remarkedbefore,
however,thecalculationsas giveninreference6 areprobablyinappli-
cableto dcmesas shallowasthosetestedhere,anda moreaccurateenergy
expressionanddeflectionmodeshouldbe used. Althoughitis impertinent
to rejecttheenergycriteriononthebasisofthedisappearanceofthe
differenceinbucklingloadsbetweentherigidtestingmachineanddead-

. weightloading,thefactthatthebucklingloadsgivenby theclassical
criterionarereasonablyclosetotheexperimentalvaluesfor X < 5
seemsto indicatethat,at suchsmallvaluesof A, a refinementofthe

. energy-criterioncalculationsisunwarranted.

Thebucklingstressforsphericalshellsisusuallyexpressedin
theform

(3cr=
q (a R

cr )‘~% (41}

where K isa numericalconstant.Theclassicaltheoryforthebuckling
ofcompletespheresgivesa valueof K of order0.606with p = 0.3
(seeeq.(2)).Tsien’stheoryinreference6 givesa K oforderabout
halfofthatgivenbytheclassicaltheory.Thecalculationbasedon
theclassicalcriteriongiveninthispsper,forveryshallowdomes,also
givesa valueof K rangingfrom0.2to 0.4. Bothreference6 andthe
presentpaperpredictK as a functionoftheparameter1. A composite
pictureshowingtheresultsofalLavailabletheoreticalandexperimental

* dataisgiveninfigure19,where K isplottedagainsttheparameterX.
It istobe remarkedagainthatallthecuryeslabeled“Theory”should
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a
be readwithcaution.Ontheextremeleft,thetheoreticalresult
accordingto equation(40)doesnotconvergeforvaluesof h > 5, and
extrapolationto largerA valuesisdangerous.Ontheotherhand,

—.
thecurveshowingtheoreticalresultsofreference6 probablyisgood
onlytowardtheright-handend;theleft-handendofthatcurveprobably
shouldbemorecarefullycomputed.Inotherwords,to do justiceto
eithertheclassicalcriterionofbucklingortheenergycriterionof
buckling,boththeoreticalcurvesshowninfigure19 shouldbe recalcu-
latedto higheraccuracy.Thecurveshowingthe“c~ssicallinear
theory”appliesonlyto completespheresandisshownhereforreference. .—

Eventhoughnotprovedrigorously,a trendof shiftingfromthe
classicalcriteriontotheenergycriterionat A oforder6 seemsto
be indicatedbytheexperimentalresults. Thistransitiotivaue of
A isprobablylowonaccountoftheimperfectionsofthetestspecimens.

A comparisonoftheaboveresultswiththecaseoflowarchesas
giveninreference7 revealsa fundamentaldifference,withrespectto
thestabilitycriteria,betweenthebuc~ingunderlateralforcesofa
sphericaldcmeandanarch. Inthearchcasetheclassicalcriterion
holdsforlargervaluesof X (i.e.,higherarches),anda transition
to theenergycriterionoccursasthearchbecomesverylow. Inthe
domecasetheclassicalcriterionholdsforsmallervaluesof X (i.e.,
veryshallowdomes),anda transitionto theenergycriterionoccursas
thedomebecomeshigher.

Inthis
ofa shallow

SUMMARYOFRESUIZS

paperan attackupontheproblemof
sphericalshellhasbeenmade. The

marizedas follows:

.

.
thefinitedeflection
resultsmaybe sum-

1.Thetheoreticalapproachhasbeento transformthenonlinear
equationsintoa sequenceoflineareqpationsby expandingallthe

—

unknownfunctionsinpowersofthenondimensionalcenterdeflectionW.
andequatingcoefficientsofequalpowersof Xo. Theinitiallinear
equationcanbe solvedexactlyintermsofthe ber and bei functions,
butthesucceedingequationshavehadtobe solvedeitherbypowerseries
ornumericalmethods.ForsmallvaluesoftheparameterA theresulting
seriesconvergesrapidlyenoughsothata determinationofthebuckling
loadcambemadeusingonlyfourtermsoftheseries.Forhighervalues
of A theconvergencedeterioratesrapidly,sothatfor A g?eaterthan
5 no determinationofthebucklingloadcanbetide. However,fordeflec-
tionssmallerthanthecriticalbucklingdeflection,thedeflectionmodes

.—

canbe determinedfora muchwiderrangeof A. Thesedeflectionmodes
changerapidlywith 1 andforvaluesof A near7 havethesurprising

.

.
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characteristicthatthemaximumdeflectionoccursapproximatelyhalfway
betweenthecenterandtheedgeoftheshell.

2.Forsmallvaluesof h theresultsoftheexperimentalprogram
agreedsubstantiallywiththoseofthetheoreticalanalysis.Thebuckling ‘
loadnear A = 4 wasonlyabout15percentbelowthetheoreticalvalue
whilethetrendofthebucklingloadsas A increasedwasapproxtiately
thesameaspredictedby thetheory.Thedeflectionmodesalsoshowed
thesamecharacteristicsaspredictedbythetheory.Theexperimental
bucklingmodewasinherentlysymmetricalas assumedinthetheory;the
fewexceptionscanbe attributedto largeipitialasymmetriesinthe
specimens.

3.Testsweremadewithbothairandoilpressure,whichapproached
theextremesofconstantpressureandconstantvolumebucklingcharacter-
istics,respectively.Thebucklingloadsobtainedby thetwomethods
showedno significantdifference;thusa featureofthe‘*energycriterion”
didnotappear.

4.Experimentalresultsseemtaindicatethattheclassicalcriterion
ofbucklingisapplicabletoveryshallowsphericaldomesandthata tran-
sitionto energycriterionoccursforhigherdomes.

CaliforniaInstituteofTechnology,
Pasadena,Calif.,August13,1953.
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into

term

APPENDIX

INFINITE-SERIES

Aftersubstitutingtheexpressions

A

EXPANSION

for fn and wn)equation(33)~
thesecondofequations(28)for F2, itbecomes

k%23 ‘lkA beir~ - BlberrAx)- —F2=3T(1
f[
~B1(bei’Ax)2-

16x2”-

—

(Al)

Theparticularintegralof equation(26a)correspondingtothefirst
ofequation(Al)is

( )3 ‘lkA1bei’Ax- Blber’hxe2’=-–—
2 ~3 (A2)

.

.

Theparticularintegral.fortheremaini~termsof F2 (allquad-
raticin her’ and bei’)isobtainedby expandinginseries.Theseries
expansionsfor ber’hxand bei’lxare -—

bertAx= I (-)”
n.1

bei’lx= I (-)n
n=O

Intermsoftheaboveseriesthe
of Fa becomes.

-(i!EE
(2n - l)!(2n)!

(+~x)ln+l

(2n)!(2n+ 1)!

(A3)

J

expansionofthequadraticterms
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.

.

b

~2A2

[[

411
F2?r=.— 1()AIBl~+bn+ 2(n+ l)(2n+l)Cn+l~ +

64

[A: : ) 4n-2
B12 J)]Cn+ @rL+l)(A12~ -Bl%n & (Ah)

where

~ = (-)”~ (a
1

a):(2n - a+l):(al)!(an+ l)!

bn = (-)nm~l(%-h +l)l(a-i+2) ’(~

-1

(A5)
= . . l)!(a)!

,n= (-)”~1 (~ 1
= -201):(2n- m+l)!(m-l)!m!

Thecorrespondingparticularintegralofequation(26a)is

where

%-1=

& =

hn =

go =

[ I* ‘(a-~)cn-‘-1-bn-l-‘n-l
-1

[
(n - l)(2n - l)an-l+

(a - l)2[2n-1)2-1]
1

Cn.l+ &-1

1

{
(n- l)(2n- l)bn-l+

(2n- 1)2~2n - 1)2- lJ

%3%-1 - -

ho=O

(A7)
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Thevaluesof do, gl, and hl arearbitrarywithrespecttothe
recursionformulaofthedifferentialequation,butwhenequation(A6)is
combinedwithequation(A2)it isrequiredthat

.

.—

(A8)

inorderthat 02= e2‘+02” havetheproperlimitingvalueas

Thecoefficientgl iScompletely
wastakenas equalingunity.

Theinfinite-seriesexpansionfor
r

arbitraryandforconvenience

Cpzis .——

Then 02 anditsderivatives”and 92
tions(35)to determine~ and ~n which
theboundaryconditions,equations(34),to

@e substitutedinequa- .—
areinturnsubstitutedinto .
obtainA2, B2) and p2. .=

.
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0.5
.7

1.0
1.5
2.0

R
5.0
6.0

i::
9.0
10.0
11.0
12.0
13.0
14.0
15.0

TABLE1 --

VALUESOF Al, Bl) ~ P1

‘1
-4.875
-3.481
-2.4s4
-1.614
-1.194
-.7298
-.42~
-.1835
-.005114
.07882
.07857
.4214
.mg8g5

-.005344
-.007743
-.0W895
-. cKn736
-.00003355

%

15.5.9
56.78
19.39
5.614
2.200
.4093
-.0669!3
-.2078
-.1892
-.Oggm
-.01571
-.02332

●02615
.o145@
.004468
-.0005XI03
-.002132
-.(X115(%

5.333
5.361
5.441
5.877
7.061
14.35
35.97
89.55
206.2
426.I
784.7

l,jm
2,043
3,031
4,343
6,048
8,219
10,932

.

.

●

✎
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TABLE 2

wnFORA= 4,7, 10,AND13VALUESOF

A=4 A=7 A=1O

‘3‘1

x

o

.05

.10

.15

.20

.25

.~o

.40

.50
,60
.70

:E
.85
.9
.95
1.00

‘2

o
-.0021
-.0082
-.0181
-.03U
-.c470
-.ti5
-.101
-.130
-.141
-.126
-.110
-.C87
-.059
-.032
-.0%7
o

W4 W2 %

o
.052
.206
.453
.782

l.in

1.604
2.435
2.952
2.%3
2.187
1.777
1.2k2

.740

.348

.Cag
o

W2

D
-.0014
-.0053
-.0091
-.011
-.018
.017
.112
.300
.517
.614
.581
.463
.36
.139
.034
D

t)
-.0CO!3
-.a132
-.&8
-.o1.1
-.015
-.019
-.023
-.019
-.CX)92
.Cm6
.0334
.0037
.0031
.0m8
.0052
0

1.0’330

.9$5

.9359

:$%
.9KL6
.8724
.Tim
.6453
,4s8
.3338
.2533
.1769
.lc85
.0525
.ol&3
o

0
-.0018
-.0072
-.016
-.027
-.039
..ml
-.073
-.081
-.074
-.053
-.039
-.025
-.013
-.0048
-.0011
0

1.OCO
1.0011
1.0044
1.0093
1.0152
1.0211
1.0254
1.0214
-925
A$32
.7016
.5787
.4391
.2920
.1528
.0448
0

3
.0090
.032
.070
.la
.182
.250
.386
.477
.480
.366
.289
.191
.106
.040
,0097
1

0

.020

.079

.1~

.303

.449

.614

.938
1.141
1.129
.863
.684
.473
.280
.I-27
.032
0

1.C!QO
1.0002
1.0010
1.0025
1.0053
1.0099
1.0168
1.0381
1.0625
1.0608
.9708
.8672
.7149
.5169
.2938
.0931

0

1.0030

.9999

.9995

.9988

.9979

.9970

.9964

.9993
1.0148
1.0438
1.0437
.9955
.8851
.6945
.42xI
.2$0
0
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Vm OF f= F(% A=4,7,10, AND13

I A=4 I A=7 lA=lOIA =13
x

fl f2 f3 f4 fl fg’ f3 f4 fl fl

2 -4.244 I_.353 0.180 O.m -16.246 -2.038 -7.04 -17.56 -37.21 -65.43
.05 -4.240 1.354 .180 .0781 .16.250 -2.&g -7.11 -17.77 -37.21 -65.43
.10 -4.227 1.358 .183 .0760 -16.262 -2.159 -7.34 -U3.38 -37.22 -65.42
.15 -4.206 1.364 .185 .0724 -16.282 -2.3c5 -7.P -19.38 -37.23 -65.41
.20 -4.176 1.372 .191 .0675 -16.306 -2.504 -8.21 -20.72 -37.2> -65.4o
.23 -4.137 1.381 .1$ .a512 -16.334 -2.749 -8.82 -22.36 -37.27 -65.39
.30 -4.089 1.391 .200 .0538 -16.360 -3.030 -9.32 -24.23 -37.32 -65.37
.40 -3.s68 ;.pJ .m7 .0361 -16.392 -3.670 -Ii,ca -28.39 -37.45 g3J
.30 -3.811 .207 .0169 -16.353 -4.293 -12.54 -32.25 -37.64
.6(I -3.623 1:410 .lg8 -.0002 -16.178 -4,760 -13.38 -34.92 +;.$ ;:;:;;
.70 -3.409 1.377 .I-84:mg; -U .795 -4.52 -13. g2 -35.80
.75 -3.294 1.330 .176 -15.507 -4.929 -13.83 +:.5J -37:54 4;:g
.80 -3.1-/-(1.317 .167 -.0179 -15.153 -4.837 -13.58 -37.12

.85 -3.06i)1.278 .159 -.0182 -14.737 -4.697 -13.22 -34:02 -36.46 -65;w

.90 -2.945 1.236 .152 -.01.80-14.271 -4.530 -u .79 -52.91 -35.56 -63.92

.95 -2.837 1.193 .146 -.0175 -13.-@O -4.3&l -12.33 -31.75 -37.46 -62.18
1.00 -2.737 1.153 .141 -.0170 -13.304 -4.2(% -u.%) -30.65 -33.30 -60.12

‘ L , .
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TABLE4

VALUESOF pn (n> 2)CALCULATED

Pp
A P3 P4

Power
series Numerical

1.0 -1.120
1.5 -2.726

-4.919
;:: -12.39
4.0 -26.47 -26.3 3*77 1*O8
5..0 -45.2
6.0 -38.1

33.7 56.6 314 801
;:: 219
10.0 392
13.0 537
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Specimen

1

;
4
5
6

:
9
10
11
12
13
14
15
16
1~

TABLE5

EXPER-AL DATA

[u = 0.32,E s 16.5X ld pSi

(a) Hydraulicpressuretests

t, h,
in. in.

0.1010.251
.099 .255
.101 .256
.lal .365
.101 .376
.053 .240
.053 .251
.052 .297
.055 .380
.ml .410
.ml .422
.031 .303
.032 .361
●031 ●353
.033 .394
.033 .410
.029 .444

?\

4.04
4.08
4.16
4.80
4.94
3.45
5*57
6.09
6.75
7.22
7.40

::$
8.69
8.82
8.98
10.1

36.2
52.5
35.8
60.5
72.5
14.0
12.1
15.2
31
27.5
25.2

4.2
6.02
4.59
7*33
8.96
6.7

McAm 3212
._

.

12.3
11.8
12.1
21.0
24.8
61.3
54.3
71.3
x22.4
147
~36
165
201
185
213
255
354

B
B
B
B
B
M
M
B
B
B
B
B
M
M
M
M
B

1

()Pcr z

------
------
------
------
-.----

25.5
25.5
48.3
60.0
85.1
60.9
ti
124
137
111
179
201

(b)Airpressuretests

t h, Pressurerequired.
Specimen & A ~r> Pcr

in. to unbucklespecimen,. psi psi

18 0.101 0.382 4.93 73.5 24.9 16.5
19 .101 .426 5.26 99.5 33.8 35
20 .055- .265 ;.g ;;.:5 65.2 ----
21 .054 .413 143 12.6
22 .032 .347 8:45 5:67 190 1.8
23 .033 .399 8.91 11.E 330 3.3

aB, Bourdongage; M, manometer.

.

a

.
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Figure 2.- Buckling mode for a high arch.
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Figures.-Equilibriumof a centralcylindricalsection.
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Figure 16.-Experimental de~kction shapes.
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(c) Specimen 6j A = 5.45;
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oil loading.
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Figure 16.-Continued.
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